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Geometry Processing
Creation, Manipulation, Analysis of Shapes
Manipulation

Creation Analysis




The Birth of a Digital Shape




The Birth of a Digital Shape
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The Birth of a Digital Shape
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The Birth of a Digital Shape




The Birth of a Digital Shape

Applications
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Mesh Creation is Hard
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https://www.youtube.com/watch?v=bZbuKOxH71o&t=525s
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Can we use a different representation?



Neural Fields

bﬁ@Dﬁf(X)

£,(x):R°=> R

iR >R
02 = {x| f(x) = c}



Neural Fields

/ AN (Davies et al., 2020, Martel et al., 2021,

. 0 ' % Mescheder et al., 2021)
— f(x) %

\/ Topological changes

Neural Fields o
/ High fidelity
(Sitzmann et al., 2020, Martel et al., 2021,
Park et al., 2019)



Neural Fields

— f(x) Easy to optimize Continuous, avoid explicit
(with Deep Learning discretization, and easy
Neural Fields Frameworks) access to gradient

(Sitzmann et al., 2020,
Lindel et al., 2021, Tancik et al., 2022) (Yang et al., 2022)
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Problem Set-up: Shape Generation

S MAPERET

Training

(A collection of
3D point clouds)

Testing

\ g@
P /
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Representation for Arbitrary Size Point Clouds
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Each shape is a distribution of 3D points.
(I.e. shape as a 3D density field)

On-surface points
have high probability.
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Point cloud is a sampled from such distribution

Off-surface points
have low probability.

On-surface points
have high probability.
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Transforming a Gaussian to a Shape
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Transforming a Gaussian to a Shape

CNF

(Chen et al., 2018)
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Continuous Normalizing Flow

y = y(f)

x=yt)=y+ [ go(y(2), t)dt

0

x = y(t)
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Continuous Normalizing Flow

y = y(f)

x=yt)=y+ [ go(y(2), t)dt

0

x = y(t)
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y = y(f)

CNF Is Invertible

y=y(f) =x+ J go(y(2), t)dt

1

x = y(t)
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y = y(f)

CNF Is Invertible

y=y(f) =x+ J go(y(2), t)dt

1

x = y(t)
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Change of Variable Formula

y = y(fp) x = y(t)

log P(x) = log P (x + [ O 2o(y(?), t)dt) — [ 1Tr ( 984X (D). 1 ) dt
t t 0x(1)

1 0
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gy | S X R x|

log P(x|z) = log P (x +

Encoding multiple shapes

o
[ go(y (D), fdt
I
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Generation Results
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Slow training time

Limitation
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Modeling a normalized distribution Is hard

g \ \

Point CNF

log P(x) = log P

X+ J g0, D 08y X(1). 1

0x(1)

I

Invertible Normalizing
(Restricted) (Slow, create noise)
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Each shape is an unnormalized 3D density fields.

I1e10 I 1
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Density field Density field

1e-10

Different scale, SAME SHAPE
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Representing an unnormalized 3D density field
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Representing an unnormalized 3D density field.
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Complicated topologies and non-watertight mesh
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Learning Gradient Fields for Shape Generation

Ruojin Cai*, Guandao Yang*, Hadar Averbuch-Elor, Zekun Hao,

Serge Belongie, Noah Snavely, and Bharath Hariharan

Cornell University

Fig. 1. To generate shapes, we sample points from an arbitrary prior (depicting the
letters “E”, “C", “C", “V” in the examples above) and move them stochastically along
a learned gradient field, ultimately reaching the shape’s surface. Our learned fields also

enable extracting the surface of the shape, as demonstrated on the right.

Abstract. In this work, we propose a novel technique to generate shapes
from point cloud data. A point cloud can be viewed as samples from a
distribution of 3D points whose density is concentrated near the surface
of the shape. Point cloud generation thus amounts to moving randomly
sampled points to high-density areas. We generate point clouds by per-
forming stochastic gradient ascent on an unnormalized probability density,
thereby moving sampled points toward the high-likelihood regions. Our
model directly predicts the gradient of the log density field and can
be trained with a simple objective adapted from score-based generative
models. We show that our method can reach state-of-the-art perfor-
mance for point cloud auto-encoding and generation, while also allowing
for extraction of a high-quality implicit surface. Code is available at

https://github.com/RuojinCai/ShapeGF.

Keywords: 3D generation, generative models

* Equal contribution.

(Cai et. al., 2020)
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Learning a conditional neural gradient field
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Generation results




Auto-encoding and surface extraction

Input Point cloud Surface
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Elastically Deformable Models

Damuetri 'I"-nnpnnl-a'
John Plated
Alsn Eseel

Kurt Pleiscker!

tSchlumnberger Palo Allu Research, 2340 Hillvicw Avenwe, Falo Alto, CA $43904
Califurue [ustitute of Techinology, Pasadena, CA 91130

Abstract: Tie thecry of elubiaty describes defarmable ma.
toriale wuch 28 yubser, thoih, pazer, nnd Arzible metals. We
exploy elracizity theory to consiract Ciferertinl equations that
mocel the behawier of nen-rigid ewrves, surfoess, anc salids asa
fazctionof time. Elastieally deformable modes ace aciive: they
rraprnd m o3 metusel way 1o appised forcsr, corsteninis, ambicat
caechin, and izapermirable obstacles. The models ase fundamen.
taly dyramic ard sealietis animation » erested by numerically
solving their undedying difioeatial oyaativia. Thus, the de-
scrptian of saape and L deevription of metion aee usifed.

Keywords: Modeling, Defonmation, Ehutidty, Drnamaes, An-
imatior, Simniatisn

CR calegorics: G.LS—Partial 1)iMerential Equntiane ~ 1 e
Computational Cesmetry ané Objeet Modelirg (Curve, Su-
face, Solid, nnd Object Reprasentatons); LiT—Lheea [limen.
sicon] Grapasies and oaliem

I. TIntroduction

Mcihods 45 formulate and repressut intanbeicon alispes
of objects aro camtral ta computer grephics medding, Theee
matkode ave beea particulacly cueceamsful f5¢ medeling
rigid chjacts whose shapes do ol charpe cver tima. Thic
paper cevelons an sppeoanch to madalirg which incorpo-
rates the phyacally haced dymamics of flecible matesials
inte the purely geomsiric wodels which have hers verd
irsditivnslly,. We propose models based on clasticity the-
ory which conveniently represent tae shepe and moiina of
defunmalle matesials, wpecially whea these materias in.
toractk with cther physically-based computer graplics wle
Jects,

1.1, Physical Models versur Kinamotic Models

Most teaditions] metbods for caspubes grapaics modeling
arc bincratic; that s, the shapes are compositions of ge
eractrically or ngebradcally cefined prinitives. Kinematic
modele are pamive besnuss they do not intemct with eash
ather or with external forces. The wodels are ether ata.
fienary oc are subjected tc moiisa wseording to prasesibad

Fearisciee 15 copw withomt for sl or part of thi maderal s proninl
ovided tha the pie are mot mede or div rotal foe ot
corunercizl advantege, the ACM coprright nee ce seel the tile of The
patlication and s coue aopear, and notice & gven it copvg & by
penvimion of 1he Assodatien foe Competing Machnery. Ts sopw
aherwise. or 1D reputiish, reoures i foe and/oF specitc pearisden

<y ACNDRIN | 2376057 1005 ONS Snas

urajecicries, Fapertise is reguired to create maiural sad
pleazing dynamics witl pessive suedels,

As an aliernative, we advocuts thie we of eciive mod-
els In computer gruphics, Active wdsb are based oo prine
ciples of anethesmiical physics (8] They react to applied
‘arces (sush aa gravity}, to constrainic (such as linkages),
to ambient media (such 26 viccoue fluids). or to impene.
itabie cbeincles (cuch ae vapporting surfuces| as one vould
sxpect real, physcal ahpacte 1 react

This paper develops models of defarmable cvrvas, wur-
facae, and eslide which are based on simakSealinae ol slas.
tiety theary Ry srmlaing physcal properties such as
tencan ard ngidity, we can xodel stasic shapes exhibited
hy n wide -arge of deformabie obects, indediag siring,
rubber, doth, pazer, and fexible mclals, Puaitlcrunne, by
inclucing physical proserties sack as mass nad dasegpiog,
we can simudale e dysamics of these objucts, The wime-
laticn mvalves aumesrizally ealving the partial differential
cquations that gevesn the evelving dhape of the deformable
object and ite motior (hroagh space.

The dynamie nebavicrinherent toous deformable mod-
e signifizertly simglifics the anmation of complex ob-
jectr. Censider the graplical reprecentation ol a *alled
telephene cord . ‘Iae tend tiomal approvch has been ta rap-
resen: Lhe irslantaneous shape of the card as a mesh as-
s*mh'y of bicutic spEne patches or pelygens, Making ke
cord move plausitly is a moatrisial task, (v corteasd, vus
delarmabie models can provide a gy sical repiccatativa of
the cord which sxhioits natural cynamics as it is subjected
o exteraal forces aad constrainta,

1.2. Oautline

The temainder of the papes develops as fallows: Section
7 discusses 1the cannceticns of our wors to other physica
models in computer grapbica. Secliva 3 gives differentin
cqustives of wution descibing the dypamic behavior of
deformable wodsls under the influence of extomu lores.
Seciion 4 conteins as aanysis of defcrmation and definee
deformot.on energies foe eusve, surfice, nad solid rodele
Section 5 lists various sxtamal rees that maa be applied
to ddormable models ta pracves animation. Sertion 5 de
sesibeg ome mvplemantacinn of deformable models. Seztion
T peesents simu atioas illestrating ke aprlication of de:
formable mocels. Sextion 3 discusse: onr work ia prugiesa

Terzopoulos et. al., 1987;
Sorkine and Alexa, 2007;
Levi and Gotsman, 2015

Elastic Deformation

Stretching
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Elastic Deformation with Neural Fields
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Output shape
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Elastic Deformation is under constrained

Input (sparsel) Multiple possible outputs

& e gy

Broken head :( Changed surface details

Editing algorithm requires prior knowledge



Shape Priors for Editing

Input (sparse!)

Multiple possible outputs




Quantify Priors

b4,
I/, %]

Normal n

T T
Curvature 1 = [Wn uvn] o — 11|

/A /A
n fn 1]

fiu,v)-=(x,y,2)
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Quantify Prior - Mesh

V=X (V= V)
(V= V) X (V= V)

Normal n

|
_ Curvature X=7 Z (cotay; + cotfpy)(V; — V)
V =1,y Zi)}?=1 2 jeN (@)

F={(uv,w|l<uvw, <n}
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Quantify Prior - Neural Fields

Normal

(X9y9 Z)—’@—’f@@% Z) Curvature ‘

0Q = {(x,v,2)| fix,y,z) =0}
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Differentiability of Neural Fields

O PyTorch \ N/ N\

1 Y, Y4

L AT A /MM /\/\/ o
TensorFlow e we®  /VVVVVVW

#
Input x
AutoGrad Frameworks Positional Encoding Smooth Activation
(Sitzmann et al., 2020, Chng et al., 2022,
(Tannic et al., 2020, Mildenhall et al., 2020) Ramasinghe et al. 2022, Zheng et al., 2021,

Fathony et al., 2021)
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Quantify Prior - Neural Fields

Vi(X)
VX

(x,y,2)— — f(x, ¥, 2) Curvature K(X) = — lV - ( V) )
SANTTES]

0Q = {(x,y,2)| fx,y,2) =0}

Normal n(x) =

51



Problem Setup

LS | @
,ﬂz F(X,y,Z)
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F(x) = o(x) min ||p — x|
pEoL2

5(X) = —11fxeQ
1 otherwise



Problem Setup

F(x) ~ o(x) min ||p — x|
pEoL2

o(X) = —litx e Q. User specification
1 otherwise

53



Problem Setup

h,

F(x) ~ o(x) min |[p — x|
pEoL2

) -1ifxeQ . Desired Output
o(X) = . User specification
1 otherwise
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Elastic Deformation

Stretching Bending

¢ w0

1. Sampling 2. Correspondences 3. Comparing




Step 1: Sampling

F(x) ~ SDF(x)

X.=arg min |p — X|
pEoL2

=X — F(X)n(x)




Step 1: Sampling

X, ~ U([-1,17°)

X = X, — F(Xp)n(Xp)

o57



Step 1: Sampling

X, ~ {x|x € U([-1,1), F(x) < 7}

A\

X = X, — F(Xp)n(x,)
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Correspondences

Step 2
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Step 2: Correspondences

F(x) Dy(x) = x + 8y(X)  Gy(x) = F(Dy(x))

Invertible ResNet
(Behrmann et. al., 2019)
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Step 2: Correspondences

F(x) Dy(x) = x + g4(x) Gy(x) = F(Dy(x))

Invertible ResNet Lip-bounded
(Behrman et. al., 2019) positional Encoding

o1



Step 3: Comparing

Bending

Stretching

62



Step 3: Comparing
@ Stretch - change of tangent
dot-product

X




Step 3: Comparing

,4—- -5\ Stretch - change of tangent
dot-product




Step 3: Comparing

@ Bending - change of curvature

S e

Bend
W

More curved



Step 3: Comparing

@ Bending - change of curvature

Curvature - change along normal direction

=
gls
.

e

|
o o

gs

S
A
&
N\H

Low curvature High curvature
Little change Large 6cghange
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Step 3: Comparing

@ Bending - change of curvature

2y = L H P; (HG — JgHFJD) Pg H Fdx
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Final Objective

F

2, = J | PE (1 - T30, P | s min kL + kL) + kL

spec

Input shape

User spec - Output shape
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Analysis - Solving PDEs
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Partial Differential Equations are Important

Equations that involve partial derivatives.

Al

e.g. Laplace Equation 9

0 on ()
¢ on 9d()

R T SN a0

v g

(Poisson eq) Image Editing
(Perez, Gangnet, and Blake, 2012)

(Biharmonic equation) Deformation (Navier-Stokes) Fluid Simulation
(Jacobson et. al, 2011) (Rioux-Lavoie et. al, 2022)

/1



Solving PDEs - Finite-element Method




Solving PDEs - Finite-element Method

Discretization can be difficult.

@ 1 lff‘; :
input mesh w/ FASTTETWiLp  build BVH for WoS
(Thingi10k #996816) 1 hour 25 minutes < 1 second

Bruno Levy @BrunolLevy@1-9/15/23

0
1/N
¥ r '\'\
' \ = ~ p
-. . h -
. |

’ If you do mesh processing. a probably know
| this mesh, right ?

Else let me introduce ThingitOK #996816,
0 thatl like to call "the nemesis". This
innocent-looking mesh has the power to

-
NG

’i')'A " . ‘
<N/ ’." stress your mesh intersection code much
’Ifb"/a 3 further than you may imagine.

S A A

Figure Credit: Keenan Crane

Q2 13 12 il 131K X
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Can we solve PDEs without Discretization?

X *@3'} ug(x)

£(0) = /Q ug(x) = FOPdx+ [ up(x) — g(x)[2 dx

249,

) g(x) if do(x) < €

u(x) =1, .
u(Yi), yi ~ Usp(x) otherwise

Neural network represent the mapping from

spatial coordinate to the PDE solutions; train
with losses to enforce PDE constraints.

Derive an integral solution for the PDE;
estimate the integral by Monte Carlo method.

(Shawney and Crane, 2020) (Raissi et. al., 2019, Sitzmann et. al., 2020)
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Can we solve PDEs without Discretization?

£(0) = /Q ug(x) = FOPdx+ [ Jug(x) — g(x)[2 dx

249,

a(x) = {g(x) if do(x) < €

u(yi), yi ~ Usp(x) otherwise

Biased (inaccurate)

High variance (slow)



Can we solve PDEs without Discretization?

X *@" ug(x)

ifdo(x) <€

otherwise

. g(x)
i (x .
u(Yi), yi ~ Usp(x)

High variance (slow

/6

Zilu Li

Xi Deng

'-------~

Qingging Zhao

Wl EH EH EH E EH N O EH E B B N N N E BN E oy

Our hypothesis: hybrid
methods are better!

Neural Caches for Monte Carlo Partial Differential Equation Neural Cantrol Variates with Automatic Integration
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L(0) = o Jug(x) = f(x)|* dx +

jug (x) = g(x)|* dx

0Q2

Biased (inaccurate

bas Steve Marschner

or

on Wetzstein



Monte Carlo Solver for Laplace Equation

d()

Au =0 on Q,
u=g¢g onodQ.

1
* ulx) = [0B(x)| JaB(x) u(y)dy




Monte Carlo Solver for Laplace Equation

d()

Au =0 on Q,
u=g¢g onodQ.

1
* ulx) = [0B(x)| JaB(x) u(y)dy

g(x)

a(x) = {g(x) if do(x) < €

u(y;i), yi ~ (L{aB(x) otherwise



Monte Carlo Solver for Laplace Eauation

Au— on {2, @
onaﬂ

a(x) = {g(x) if do(x) < €

u(y;i), yi ~ (uaB(x) otherwise



Monte Carlo Solver for Laplace Equation
0()

Au=0 on Q,
u=g¢g onodQ.

N

g(x) ‘&

a(x) = {g(x) if do(x) < €

u(yi), yi ~ Upp(x) otherwise




Our Method

Au— on {2, @
onGQ

g(x) if dg(x) < €
ugn(x) = {up(x) ifn=20

don-1(ui): yi ~ Up(x)  otherwise

5
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Our method - training

y ) = (ky™ () (k +1)

n

1 2
Le(6) =~ ) lug(xi) - y"

1=1




Cow Scene
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20 - Training WoS
« Inference
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Bunny Scene

Training

= Inference

WoS

Ours

256 X 256

WoS

Ours

512 X 512

WoS

10x faster

Ours

1024 x 1024

Resolution



Geo Slice Self Supervised WoS. 2022 Ours (Hybrid) Ref.
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Limitation - Bias

WoS
1 0-1 = OQUr (m=0)
' s OUTr (M=1)
NF
d()
—2
c‘-}-} 10
@
X y >
Q ) - N
g(x) if do(x) < €
U X) = uplx ifn=0 10~%- —— ————— —
on(@=quo®  ifn=o a0 o o
ug,n_1(yi), Yi ~ (uaB(x) otherwise

#Walks
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Neural field is a biased estimator for Integral

T



Solution: Control Variates




Solution: Control Variates

X 'V%“P 119(96)-/68Q " L;(—jr)dy

“) dy = ug(x) —ug(x) + f “y) dy

yeaQ (x) 27T yeaQ, (x) 27

o (x) +/ u(y) —vg(y) dy
yea, (x)

2TTY

U
4o (x) = / o(y) dy
Yy, (x) 27y




Solution: Control Variates

/ i) dy = ug(x) —ug(x) + f “y) dy
y

yeaQ, (x) 27
— up(x) + / u(y) —vp(y) dy
y€a, (x)

2TTY

caQ, (x) 27T

= ug(x) + Eyecu[an, (x)] [u(y) —vo(y)]



Solution: Control Variates

Two requirements:

U Uu
/ (—y)dy = ug(x) —ug(x) + f u(y) dy
ye o, (x) 2TTT y€aQ, (x) 2TTr

- (%) +/ u(y) —vg(y) dy
yeadQ, (x)

2TTY

= up(x) + Eyefu[ag,,(x)] [u(y) —vg(y)]

ug(x) = fy % Ayl IV [u(y) —vg(y)] <<< V[u(y)]

coQ, (x) 27T
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Figure 1: We propase a navel method to use arhitrary neural netwark architectures as control variates (CV). Instead of using
the network to approximate the integrand, we deploy it to approximate the antiderivative of the integrand. This allows us to
construct pairs of networles where one is the analytical integral of the other, taclding a main challenge of neural CV methods.

ABSTRACT

This paper presents a method to leverage arbitrarv neural network
architecture for control variates. Contral variates are crueial in
reducing the variance of Monte Carlo mtegration, but they hinge
on finding a functian that both ecorrelates with the integrand and
has a known analytical integral. Traditional approaches rely on
heuristics to cheese this function, which might net be expressive
enough to correlate well with the integrand Recent research al-
leviates this izsue by madeling the integrands with a learnable
parametric model, zuch 8z a neural network. However, the chal-
lenge remains in creating an expressive parametric medel with a
known analytical integral. This paper proposes a novel approach
to construct learnable parametric control variates functions from
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arbitrary neural network architectures. [nstead of using a network
to approximate the inteprand directly. we employ the network to

approximate the anti-derivative of the integrand. This allows us te
nse autamatic differentiation to create a function whaose integration

can be constructed by the antiderivaTiVe NETWOIR. WE AppLy onur

method to solve partial differential equations using the Walk-on-
sphere algorithm [Sawhnev and Crane 2020]. Our results indicate
that this approaech is unbiased using varions network architectires
and achieves lower variance than other control variate methods.
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1D Example - estimating J f(x)dx
d

High Variance

A




b
1D Example - estimating j f(x)dx
d

High Variance




Instantiate the Network to Approximate Indefinite Integral

Indefinite Integral

G, : .
R —>R [ f(X)dx
a—ang ~ f(x)

G(x)




Approximating the Definite Integral

Gy(D) — Gyla)




Approximating the Definite Integral




b

0

J a_GH(X)dx — Ge(b) — G@(CZ)
p X

(LINDELL, D. et al., 2021)



Constructing Control Variates

l

b b
0
J J(x)dx = J (f(x) — a—xGe(x))dx + Gy(b) — Gyla)



. m \Y — 0 \Y
Tralnlng V [u(y) —vo(y)] <<< V|u(y)]

0/0x
4

b b
0
J J(x)dx = J (f(x) — EGQ(X))G«’X + Gy(b) — Gyla)

Objective: Minimizing the Variance

’ 0
V= [ (f(x) — a—Gg(X)>
. X

) 2

b
dx — (Gg(a) — Gy(b) — J f(x)dx)



Training the Derivative Network

Objective: Minimizing the Variance
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Var 1.24 x

Urs

Var 1.00 x Var 0.30 x



Our estimator is faster for high resolution

Computational Time Breakdown to Create a 1024 Resolution Image

B Training
>200
Inference
)
g 150
E 100
= 10x|faster
—
50. .
0 , N

NF POLY WoS ours
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Analysis - Symmetry Detection

Synthesis Analysis

---l_------.

4,

- e
g ’ ‘// Wy
‘h u" “ .'

”/@5
Neural cache (SIG Asia 2023) ' symmetry (SIG Asia 2024) ,

aQ E EE EE E E BE B B B

\. -

": Yo f(x)/P(x;)

i =] ~ b ~
4 4 Derivative ,‘;o.,«x) Integral L ;;bo(x)dx
f(x) y £Gelx) = f(x) ’fn) 4+ Gglx) 4+ Gylx) £Gyl(x)
[‘w‘
\c~ [ - -
\

g ‘n_-" | ey !
o o I' Low Variance b 4 e I~
3 £ Golx)Mdx £ Galx)dx
MC estimates /; a0 ﬁ ox 0

a b ) : ! b " a
N FG P (N eu rI PS 2021 ) Goal: f:[(x)dx ~ {v X;Y,(f(x.l - ;";Gycm)m:.) + Ggl(h) - Ggla)

PointFlow (ICCV 2019)

ECC YV

B O = m m @

~y

ShapeGF (ECCV 2020) NCV (SIGRAPH 2024)

2019 2020 2021 2023 2024
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Symmetry is ubiquitous

How do we detect symmetry of a shape?

© A% & Grand Budapest Hotel
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How do we detect symmetry of a shape?
IDEA: Voting

©

(Mitra et al. 2006)



How do we detect symmetry of a shape?
IDEA: Voting
d Transformation Space

XN

(Mitra et al. 2006)



How do we detect symmetry of a shape?
IDEA: Voting
d Transformation Space

(N¢)
u 4

’ J
‘/ OA '\\\)

(Mitra et al. 2006)



How do we detect symmetry of a shape?
IDEA: Voting
Transformation Space

~ |5
ﬂ? o,

(Mitra et al. 2006)




How do we detect symmetry of a shape?

Prior works - mean shift to seek mode

1 - T-T;
d p(T) = > K ( )
(intercept) ‘N(T)‘hd T EN(T) h
(

4"" \

/"/7/ / \ A

4

(kar) 27 eN KT - 7)) =1y T

Y1ren, K((T7 = TWR))p~1)

(Mitra et al. 2006)
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How do we detect symmetry?

Prior works limitation: unable to handle noisy shape

e .,

e \\

Ll




m - 9
ther mode-seeking algorithms
|
Forward SDE (data — noise)
XO dx = f(x,t)dt + g(t)dw )@

Langevin

i??

(Song et al., 2020) — ;

l.ii“i‘f'f'i'f‘f-;ifz;* SN SR . S .o .. b .'
dx = & log p: ( J]dt+g @ e . .
Reverse SDE (noise — data) N . T )
‘...-...................................................................,. ,m_'. . ‘.
E 2 E .00 - . .
E P(J'(x) = / Pdata(y)N(x§ ys o I)dy ~ |X| Z N(x xla ) E . . .
E L2 5
; 2yex N(x;y, 01) - y _9 A
i VylogPs(x) = ‘ 5 x|lo “: L
; Syex N(x:y,02D) ;
E (t+l) (t) (t) E .o 0.5 U (L) 0.0U > 3 )
= X — X +arVy log PO't (x ) + ‘VZatﬁtet :

...IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII"
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Mean shift is a form of Langevin without Stochasticity

---------------------------------------------------------------------------
* .

5 B 1 L T-T;
Meanshift P = INT e Z K( h ) Langevin

.
* *
--------------------------------------------------------------------------

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
* L 4

. X .
. 1 .
 Py(x) = f Piata(WN (x;1, 0°Ddy ~ —- §,N (x; x5, 0%I) °
. |X| — E

2 N (x;y, o°I) -
Vi log Py(x) ~ yea ’ 5 ’ x|o™?
ZyeX N (x; Y, o I)

x (D) x () 4 0,V log P, (x)) + M

. .
--------------------------------------------------------------------------
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Our method: Langevin with Stochasticity

Langevin

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
* 4

: | X | .
: 1 :
P(T(x) — / Pdata(y)N(X; 4, Uzl)dy ~ m Z N(x;xi, 0'21)
: i=1 :

> N (x;y, o) -
i Vxlog Ps(x) ~ yex ’ 5 7/ x|o™?:
: ZyGX N(X; Y, o I)

X(H_l) «— x([) + octh lOg PO't (x(t)) + ‘V2atﬁtet

. .
--------------------------------------------------------------------------
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Step 1: Create Transformation Space

Y

L q
“Zn\ﬁ‘

|
RS

T(p,q) = n(p,q) - (sign(l(p.q)) - k+1(p.q))

"
N




- - [ |m
Transformation Space in 3D o 1}

Raw 3D shape 3D transformation space
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Geometry
Key symmetry

Ours

Mitra et al. 06
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Step 2: Define Distance Function
d

i
b A
E dist(a,b) >

min; ||x — z|| + ||y + z]||

d(x,y) = min Ps [ valid(r(t)) |7 (¢) de

[\



Step 2: Define Distance Function

min, ||x — z|| + |ly + z||

min, [, valid(r())|r’ (t)|dt

d(x,y) = min {




Step 3: Walking in the Transformation Space
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i

r_- <4 A X \\ \ !
TS X y ; \
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Global symmetries Local symmetries
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Additional symmetry types




Analysis - Symmetry Detection

Synthesis Analysis

PointFlow (ICCV 2019)

ECC YV

Neural cache (SIG AS|a 2023) symmetry (SIG Asia 2024)

\ p X jl ll i) e b
4 Derivative 5-Gy(x) Integral f“ ;-'-,Go(l‘)dl'

-
f(x) y £Gelx) = f(x) f(x) = £Gglx)
‘hw‘
\o\ [ - -
\ P
N

4L Gglx) £Gyl(x)

y | ] e | g | st
2, 2 NFGP (NeurlPS 2021) - B ~ PR + B - ;
ShapeGF (ECCV 2020) NCV (SIGRAPH 2024)

2019 2020 2021 2023 2024
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